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Abstract. The newly released observational H{z) data (OHD) is used to constrain A(t)CDM 
models as holographic and agegraphic dark energy. By the use of the length scale and time 
scale as the IR cut-off including Hubble horizon (HH), future event horizon (FEH), age of the 
universe (AU), and conformal time (CT), we achieve four different A(t)CDM models which 
can describe the present cosmological acceleration respectively. In order to get a comparison 
between such A(t)CDM models and standard ACDM model, we use the information criteria 
(IC), Om{z) diagnostic, and statefinder diagnostic to measure the deviations. Furthermore, 
by simulating a larger Hubble parameter data sample in the redshift range of 0.1 < z < 2.0, 
we get the improved constraints and more sufficient comparison. We show that OHD is not 
only able to play almost the same role in constraining cosmological parameters as SNe la 
does but also provides the effective measurement of the deviation of the DE models from 
standard ACDM model. In the holographic and agegraphic scenarios, the results indicate 
that the FEH is more preferable than HH scenario. However, both two time scenarios show 
better approximations to ACDM model than the length scenarios. 
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1 Introduction 

In the past more than ten years, the accelerating expansion of the universe has obtained a 
lot of attention since the observations of type la supernovae [1, 2]. Later on, the discoveries 
of CMB [3, 4] and BAO [5, 6] observations also got the same results. In order to give a 
reasonable explanation to this scenario, a great variety of attempts have been done. These 
theoretical explanations can be classified into two categories. The first is the dark energy 
which involve the introduction of exotic matter sources. The second is the modified gravity 
which relates to the changes of the geometry of the spacetime [7]. Among these approaches, 
ACDM, as the standard model, is considered to be the simplest and most natural one which 
shows great consistence with the observational data. In this model, the cosmological constant 
A is considered to be the dark energy component of the universe. However, this model 
is also challenged by the fine-tuning problem and the coincidence problem. In order to 
solve or alleviate these problems, several methods are proposed and discussed [8-11]. One 
possible way is to treat A no longer a real constant but a time-dependent variable, namely 
the A(t)CDM [12-16]. In the assumption, the form of A(t) is considered to be related to the 
cosmological length scale or time scale [17] 

where the speed of light is set as c = 1, ta and t/\_ are the length scale and time scale which 
can introduce a nonzero and time-varying A(t). Thus, it is natural to connect the A(t)CDM 
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model with the holographic and agegraphic dark energy models which are proposed by the 
holographic principle [18]. In these scenarios, the dark energy takes the form 




(1.2) 



where c is a numerical factor, Mj, 



l/SvrG is the reduced Planck mass, and L is the size 



which represents the IR cut-off or the UV-cutoff. Recently, several kinds of cosmological 
scales are considered to be the role of IR cut-off. These scenarios are summarized in [19] 
including the Hubble horizon, the particle horizon, the future event horizon as the length scale 
and the age of the universe, the conformal time as the time scale [20-24]. Therefore, there 
are five kinds of A(t)CDM models so far. The different choices of these scales give various 
evolutions of A(t) and different dynamical behavior of the universe. Thus it is necessary 
to compare the theoretical analysis with the cosmological observations. This direction has 
been explored in [19] which uses the recently compiled "Union2 Compilation" of Type la 
supernovae (SNe la) data. 

As another kind of the cosmological observation, the Hubble parameter H which is di- 
rectly related to the expansion history of the universe H = a/a has been tested in several 
cosmological models [25-35]. Different from the distance scale measurements such as SNe 
la, CMB and BAO, there is no integral in calculating H{z). This feature makes the Hubble 
parameter preserve the information related to the cosmological evolution. Thus investigate 
the observational H[z) data is very rewarding. The previous works showed that the obser- 
vational Hubble data (OHD) can give a good supplement to the cosmic observations and 
can also be used as an alternative to the SNe la data which is considered as the "standard 
candle" [36, 37]. So, whether the OHD can give a compatible constraints with the SNe la on 
the A(t)CDM model should be focused on. However, updated and expanded several times, 
the amount of available H[z) data is still scarce compared with SNe la luminosity distance 
data [38-40]. One way to avoid this embarrassment and alleviate the inaccuracy of lack of 
data points is to expand the data set of OHD by simulation. In our calculation, we will apply 
the method proposed in [41] which shows that as many as 64 independent OHD data points 
can match the parameter constraining power of SNe la by comparing the median figures of 
merit. 

Except that, it is also useful to employ the information criteria to assess these A(t)CDM 
models since their origin of holographic and agegraphic are similar with each other. In this 
paper, we use the AIC, BIG and AICc as model selection criteria to distinguish different 
models from the the statistical view. Furthermore, we also adopt the Om{z) and statefinder 
diagnostics to evaluate the dark energy models and measure their derivation from the stan- 
dard ACDM model. The corresponding analysis and discussion are presented in section 5 

Our paper is organized as follows. In section 2, we present the basic formulas of 
A(t)CDM models with an interaction term between dark energy and dark matter. In section 
3, the observational Hubble data is described. The constraints on the A(t)CDM models as 
holographic and agegraphic dark energy are presented in section 4. In section 5, we compare 
and measure the deviation of such A(t)CDM models from ACDM model. The simulated 
Hubble parameter data sample and its corresponding constraints are shown in section 6. 
Our discussion and conclusion are summarized in section 7. 
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2 A(t)CDM model in the flat FRW universe 

In the frame of Einstein gravity, considering the flat FRW metric 

ds'^ = -dt^ + a{tf{dr'^ + r'^dO'^ + sin^ Od^"^), (2.1) 
with a[t) standing for the scale factor, we can get the Friedmann equation 

^' = ^(/5m + PA), (2.2) 

where H is Hubble parameter, p^a and /ja are the energy densities of the matter and 
vacuum (dark energy) respectively. By the use of the dimensionless density parameters 
= Pm/'iMpH'^ and Q\ = p\/3MpH'^ , this equation can be rewritten as 

an^ + nA = i- (2.3) 

In our scenario, we suppose that the energy can exchange between matter and vacuum energy 
through the interaction term Q, thus the local energy- momentum conservation law can yield 

Pm + ^H{l+uj^^)pm = Q, pa + 3H{1 + uja)pa = -Q, (2.4) 

where "." means the derivative with respect to the cosmic time t and the sign in front of Q 
will decide the direction of the energy flux, ujm = and uja = are the equation of state 
(EOS) for the matter and vacuum energy respectively. With the definitions of the effective 
EOS for both the energy term 



eq.(2.4) can be rewritten as 

p.m + 3H{l + Oj'Jf)p.m = 0, pA + 3H{l+Lol^f)pA = 0. (2.6) 

Substituting this equation to eq.(2.2), we get the evolution of Hubble parameter H = HqE{z) 
where the expansion rate E{z) can be expressed as 

E\z) = n^o exp(3 r l±^dz') + Oao exp(3 /" l±^dz'), (2.7) 
where the subscript " 0" denotes the present value of a quantity. 
3 The observational Hubble parameter data 

The measurement of Hubble parameter H{z) is increasingly becoming important in cosmo- 
logical constraints. As a direct measurement related to the expansion history of the universe, 
it can be derived from the derivation of redshift z with respect to the cosmic time t [42] 

, ^ 1 dz , ^ 

From the observation of galaxy ages, Jimenez et al. demonstrated the feasibility of the method 
by applying it to a z ~ sample [38]. Simon et al. further derived a set of OHD including 8 
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data points with a redshift range up to z = 1.75 from the relative ages of passively evolving 
galaxies [39]. Additionally, Stern et al. obtained an expanded data set and constrained 
the cosmological parameters [40]. In our paper, we will focus on these data listed above 
[34, 41]and constrain the A(t)CDM as holographic and agegraphic dark energy models. 

By the use of statistics, one can get the best-fitting values of the parameters and its 
corresponding confident regions 

X^{Ho,z,p) = Y,iHth,i{Ho,Zi,p) - H,hsM)f/^f) (3-2) 

i 

where p stands for the parameter vector of each dark energy models and Hq = 73.8 it 2.4 is 
the prior which is a 3% precision measurement suggested in [43]. 

In the calculations, we choose the standard ACDM model as the fiducial model which 
gives the expression ol H{z) as 

Hfid{z) = HoE{z) = HoyJnmo{l + zY + nK. (3.3) 

The constraints on this fiducial model by OHD are Xmin ~ 15.4478, ilmo = 0.261q q4 and 
= 0.73^004 • And the ~ Q.m relation is plotted in figure 1 It can be seen that the best 
fit values are consistent with the 7- year WMAP [4], the BAO [6] and SNe la [2]. In the next 
section, we will constrain the holographic and agegraphic dark energy models and compare 
their results with the ACDM model. 
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Figure 1. The evolution with respect to 51^0 for ACDM model. The circles stand for the 68.3% 
confidence interval and the insert gives zoom-in views around the Icr confident level. 



4 Constraints on the holographic and agegraphic dark energy models 

4.1 Hubble horizon as the IR cut-off 

The Hubble horizon is defined as 

dH = ^. (4.1) 

It provides an estimate of the distance that light can travel while the universe expands 
appreciably. When the Hubble horizon is chosen as the IR cut-off of the holographic dark 
energy, we can get 

A(t) = 3c^H^{t), PA = 3c^Mj,H^, (4.2) 
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where c is a constant instead of the speed of light and satisfying [20] 



Thus one can get 



c' < 1. 



PA 



Consequently, the expansion rate of this scenario is 

E{z) = + 



(4.3) 
(4.4) 

(4.5) 



So, the choice of Hubble horizon as the IR cut-off (HH) presents a one-parameter cosmological 
model. 

The application of statistic and OHD give a constraint of the parameter c = 0.68lg Q4 
on the 68.7% confidence level, i.e. = 0.541qq|, a bit larger than the observations 

suggested [2, 4, 6]. The evolution of with c is plotted in FIG. 2 and Xmin = 24.2393. 
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Figure 2. Left: The evolution with respect to c for HH scenario. The circles stand for the la 
confident interval and the insert gives zoom-in views around the 68.3% confidence level. Right: The 
68.3%, 95.4% and 99.7% confident regions of FEH scenario from inner to outer. The best-fit values 
is marked by the star. 



4.2 Particle horizon as the IR cut-ofF 

The particle horizon is defined as 



dp = a{t) / — , (4.6) 
JO ^ 

which is the distance that light have traveled since the beginning of the universe. The 
calculation in [19] give the effective EOS of vacuum energy 

c^l^^ = -^ + |v^, (4.7) 

where c describe the deviation from the de Sitter universe. It can be seen that the choice of 
particle horizon can not lead to the present cosmic acceleration because ijf^^ > — 1/3. So 
there is no need to constrain its undetermined parameters. 
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4.3 Future event horizon as the IR cut-ofF 

The future event horizon is defined as 



df' 

dE = al — , (4.8) 



which is the distance that hght wih be able to travel in the future. By the use of the same 
method as the Hubble horizon, we can get 

A(t) = 3cV4, PA = ^c^Ml/dl, (4.9) 

where c is taken account to fiU the deviation from the de Sitter universe[21]. Several steps 
after, one can get the evolution of J^a with respect to the redshift z 

^ = -J^a(1-30a + -x/0I)(1 + z)-\ (4.10) 
dz c 

Furthermore, the effective EOS for both matter and vacuum energy can also be achieved 



Substituting these to eq.(2.7), we can get the evolution of the expansion rate E{z). 

Apparently, the choice of future event horizon (FEH) derives a two-parameters cosmo- 
logical model which can lead to the accelerating phase. When performing the statistics 
for the OHD to constrain the parameters (r2.mo,c), we get = O.OTI'^q'q^ and c = O.SSIq'^q 
at the 68.7% confidence level. This best results show a universe with fewer matter comparing 
with the observations. However, at the la confident level, the value of is consistent with 
the observations. The probability contours on the (r^mOjc) plane is plotted in figure 2 (the 
right panel) with Xmin — 14.7359. 

4.4 Age of the universe as the IR cut-off 

The age of the universe is defined as 

tA = / dt'. (4.12) 

Under this scenario, we obtains 

A(t) = ScVti, PA = Sc^Ml/ii, (4.13) 

where c is a constant to fill the derivation from the de Sitter universe [22]. After several steps 
of calculation, we can get the evolution of Oa satisfying 

^ = -fiA(3 - 30a - -^/^^)(l + z)-\ (4.14) 
dz c 

and two EOSs for matter and vacuum energy 

e// 1 , ^ /(T' eff 2A/nA ^^A 
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Substituting both eq.(4.14) and eq.(4.15) into eq.(2.7), one can determine the expansion rate 
of this model. 

The same as the previous section, the choice of age of the universe as the IR cut-off 
(AU) also gives a two-parameter cosmological model. Using the OHD and statistics, we 
get the best-fit results of the model parameters: = 0-26^gQg and c G (3.0, oo) at the 

68.3% confidence level. It should be noticed that the OHD can not give a finite best-fit value 
and upper limit of c while the constraint just shows a lower limit of la. In figure 3, we plot 
the confident regions on the (ri^O) c) plane and we set c = 100 as the cut-off. 
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Figure 3. The 68.3%, 95.4% and 99.7% confident regions from inner to outer in the (ri„io ~ c) plane, 
while the star means the best-fit values. Left: AU scenario; Right: CT scenario. 



4.5 Conformal time as the IR cut-off 

The conformal time is defined as 

VA = / (4.16) 

Jo a 

which is the total comoving distance light could travel [44]. In this case, we can get 

A(t) = 3cV??i, PK = 'ic^Mlhl. (4.17) 

By the use of the same method as presented in the previous section, one can obtain the 
differential relation of Oa with respect to redshift z and the effective EOSs for both matter 
and vacuum energy 

la + . (4.19) 

The corresponding expansion rate of this model can be obtained by substituting this equation 
into eq.(2.7). 

Similar to the previous models, the choice of conformal time as the IR cut-off (CT) 
also derives a two-parameter cosmological model. The constraint of OHD gives the best-fit 



-7- 



results Qmo = 0.26+^;^^ and c G (3.0, oo) which is almost the same as the scenario of age of 
the universe. The absences of the best-fit value and upper limit of c also exist in this model. 
The only difference is Xmin ~ 15.5016 a little bit larger than the one obtained in the age of 
the universe scenario which is Xmin ~ 15.4952. figure 3 shows the confident region on the 
(OmOjc) plane while setting c = 100 as the cut-off. 

5 Model Identification 
5.1 Information criteria 

It is widely known that statistics is effective to find the best-fit values of parameters in 
a model. However it can not be used to decide which model is the best one among various 
models sufficiently. In our work, we have chosen the standard ACDM model as the fiducial 
model, so it is necessary to assess the holographic and agegraphic dark energy models with 
the fiducial model. The information criteria (IC) is an effective way to assess different models. 
In the following, we will use the BIC and AIC as model criteria. In this criteria frame, models 
which give lower values of BIC and AIC will be preferred [45-49]. 
The BIC is given by [50] 

BIC = -2ln Cmax + kin N (5.1) 

where Cmax is the maximum likelihood and can be calculated as —2\u Lmax = Xmm' ^ 
number of the model parameters and N is the number of the data points. The difference 
in BIC is denoted as ABICj = BICj — BICmin where j stands for different models. The 
model that can give a smaller ABIC will be considered closer to the fiducial one. 
The AIC is defined as[51] 

AIC = -2 In Cmax + 2k, (5.2) 

where Cmax and k have the same meanings as in BIC. Similarly, the one which gives the 
smallest value of AIC will be considered as the best model. The difference of AIC from the 
fiducial one is AAICj = AlCj — AlCmin which describes the deviation from the fiducial 
model. Additionally, for the small data sample, there is a corrected AIC version which is 
defined as [52] 

AIC. = AIC + f^^. (5.3) 

This formula is useful when N/k < 40. In our calculation, there is only 13 data points in 
OHD, so AICc is suitable. 

Our results of information criteria are listed in Table. I. We can see that all three 
information criteria results show that the standard ACDM model is the best one and this is 
consistent with the assumption that setting ACDM as the fiducial model at the beginning 
of our calculation. Although the OHD constraint on FEH scenario give the smallest value 
of Xmin' information criteria (both BIC and AIC) show a punishment because of its 
complexity. Except that, the large value of information criteria in HH shows a great deviation 
from the fiducial model. From the previous constraints, we see that the best-fit results 
obtained in AU and CT scenarios are very similar. Furthermore, their values of information 
criteria both located around 2. This situation shows a positive evidence that the AU and FT 
scenarios are close to the fiducial model. 



-8- 



xLn ^xLn BIG ABIC AIC AAIC AlCe AAIC^ 

ACDM 15.4478 18.0127 17.4478 17.4478 

HH 24.2393 8.7915 26.8042 8.7915 26.2393 8.7915 26.2393 8.7915 

FEH 14.7359 -0.7119 19.8658 1.8530 18.7359 1.2881 19.1359 1.6881 

AU 15.4952 0.0474 20.6251 2.6123 19.4952 2.0474 19.8952 2.4474 

CT 15.5016 0.0538 20.6315 2.6187 19.5016 2.0538 19.9016 2.4538 



Table 1. Summary of the information criteria analyze 



5.2 The Om{z) diagnostic 

In order to get a more transparent comparison between the fiducial model and A(t)CDM 
models, we use the Om{z) diagnostic which is given by [53] 

Apparently, Om(z) = for ACDM. Thus this diagnostic is demonstrated to be useful to 
distinguish ACDM from other DE models. Except that, Om{z) relies only on the knowledge 
of Hubble parameter. This makes the errors in the reconstruction of Om are bound to be 
small. In figure 4, we plot the evolutions of Om{z) for each model. We can see that the 
HH and FEH scenarios behaves different from ACDM model apparently. However, the two 
agegraphic dark energy models show great consistence with ACDM where Om{z) remains 
constant. It is natural because the best-fit value of c in the two agegraphic dark energy 
models takes the limit c — t- oo. According to eq.(4.15) and eq.(4.19), these two model both 
have iOm-^ — )• and uj'^'^ — )■ — 1 . This limit makes them return to the standard ACDM model 
and get to a situation that the interaction term can be neglected. 




Figure 4. The Om{z) diagnostic as a function of redshift z. The solid blue curve shows the standard 
ACDM model and the red and green one belong to HH and FEH respectively. The AU and CT models 
are shown by the dotted and dashed line. The insert gives zoom-in views near the intersections. 
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5.3 Statefinder diagnostic 

The statefinder diagnostic was first introduced in [54] which is capable to discriminate various 
dark energy models. This parameter pair{s, r} is given as 

a r — 1 , , 

(5.5) 



ai/3' 3(g-l/2)' 

where q is the deceleration parameter. Obviously, this statefinder pair is constructed directly 
from the spacetime metric, i.e the second and third derivatives of the scale factor a. Since 
the trajectories in the s — r plane belong to different cosmological models show qualitatively 
different behaviors, the statefinder diagnostic can be seen as a powerful tool to distinguish 
different cosmological models. So far, many works have been done by means of the statefinder 
diagnostic analysis, such as the standard ACDM model, the quintessence with and without 
interacting models, the holographic dark energy models, the phantom model, and the tachyon 
model [55-62]. 

Firstly, from the definition of the deceleration factor q = —{da) /a? and eq.(2.2), one 
can get 

, = 1-^. (5.0) 

^22 ^ ' 

Because the parameter r in eq.(5.5) can be rewritten as 

r = ^-3q-2, (5.7) 



substituting the relation 
to eq.(5.7), we can obtain 



^ = ^-{-ul" + l-2nA), (5.8) 



r = l--Qj,{l + col"), (5.9) 

s = l + ul^^. (5.10) 
In the flat FRW universe, the standard ACDM model corresponds to a fixed point 

{s,r}ACDM = {0,l}. (5.11) 

This value is independent on the parameter of ACDM model and cosmic time t(or equivalently 
redshift z). The statefinder diagnostic applied to the above A(t)CDM models as holographic 
and agegraphic dark energy derives several formulas of {s,r}, these results are summarized 
in Table. II. 

In figure 5 and 6, we plot the evolutionary trajectories of statefinder for the A(t)CDM 
as holographic and agegraphic dark energy models in the s — r plane. The same as the 
standard ACDM model, the statefinder pair {s, r} in the HH model is also a fixed point but 
is dependent on the parameter c. By the use of the best fit results from OHD constraints, 
we obtain {s,r} = {0.5376,-0.1186} in HH scenario which shows a great derivation from 
ACDM model as the previous analyze. The arrows in the curve show that the universe full 
of vacuum energy Q\ = 1 in the HH scenario can give the same statefinder pair as ACDM 
model {s, r} = {0, 1}. 



- 10 - 



model 


s 


r 


HH 






FEH 




1 - 3f)A + 


AU 




1 - ^0^/^ 


CT 







Table 2. The statefindcr pair for the A(t)CDM models 

Different from the ACDM model and HH scenario, the statefinder pairs {s, r} of the 
three two-parameter models FEH, AU and CT are all parameter-dependent and relying on 
the redshift z. Applying the constraining results of OHD, we present several trajectories of 
statefinder for these models with different c values. From the right panel of figure 5, we 
get that there is a quintessence-like to phantom-like transition of the dark energy with the 
cosmic time increasing. Naturally, at the moment of transition, the statefinder {s, r} = {0, 1} 
returns to ACDM model. From the numerical solution of f^A in [19], it can be seen that JIa 
approaches to as the redshift z increases. This result derives that the statefinder {s,r} of 
FEH will reach to a limit {s,r} = {2/3,l} at the very beginning of the universe. 

The evolutionary trajectories of statefinder for the two age cosmological constant models 
AU and CT are quite different (see figure 6). This diagnostic distinguishes AU and CT 
helpfully. However, we should note that the values of c used here are just located in the la 
confident level (3,oo). When applying c = oo, the statefinder pairs of AU and CT in the 
s — r plane will approach to the fixed point (0,1) as the standard ACDM model which are 
still indistinguishable. Certainly, with the increasing of c, the range of the statefinder curve 
decreases and finally degenerates to a point. Except that, no matter what finite value of c is 
chosen, the {s, r} will reach to the ACDM situation at the very beginning of the universe. 

6 Generation of simulated datasets and constraints 

So far, we have used the OHD to constrain the A(t)CDM as holographic and agegraphic dark 
energy models. However, the shortcoming of OHD is also apparent because the amount of 
data points is too scarce to be comparable with other cosmic observations such as SNe la. 
According to [41], by comparing the median figures of merit, 64 independent measurements 
of H{z) will give a constraining results which can match the parameter constraining power of 
SNe la. By applying the same method, we choose the standard ACDM model as the fiducial 
one to generate 64 H[z) data points as a simulation sample (In the rest we will use the 
abbreviation "SHD" for the simulated H{z) data) to constrain the A(t)CDM as holographic 
and agegraphic dark energy models. The simulated data sample is presented in figure 7. 

Using the SHD to constrain ACDM model, we get xLn = 79.7701 and O^o = 0.25+o;o3 
(figure 8). This results is consistent with the one under OHD and the la interval is tighter. 
Thus it is natural to expect that with more data points, the constraints on the holographic 
and agegraphic dark energy models will be more compact. The constraining results are 
summarized in Table. HI 

In figure 9 and 10, we plot the confident regions for each models. Combined with 
Table. HI, we see that the constraint in HH scenario is more compact, however the results 
of large matter density and big Xmm value show a great deviation from ACDM model and 
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Figure 5. Left: The evolutionary trajectory of the statefinder in the s — r plane for the HH 
scenario with respect to the parameter c. The star and red circles stand for the situations of la 
interval of c = 0.68l[J;^i^. The arrows show the varying direction of c = — > 1. The standard 
ACDM model is denoted by the cross. Right: The evolutionary trajectory of the statefinder in the 
s — r plane for the FEH scenario with different {il„io,c) values: (r^mOjc) = (0.07, 0.45)(dotted line), 
(ri„iO,c) = (0.07, 0.55)(soHd line) and (f2„io,c) = (0.07, 0.94)(dashed hue). The arrows show the 
redshift-varying direction z = — ^ cx) with squares standing for the present values. The standard 
ACDM model is denoted by the cross. 




Figure 6. Left: The evolutionary trajectory of the statefinder in the s — r plane for the AU scenario 
with different {il„io,c) values: {flmO,c) = (0.26, 3) (dotted line), (fimOjc) = (0.26, 5)(sohd line) and 
(f^mOic) = (0.26, 7) (dashed line). The arrows show the redshift-varying direction z = — oo with 
squares standing for the present values. The standard ACDM model is denoted by the cross. Right: 
The evolutionary trajectory of the statefinder in the s — r plane for the CT scenario with different 
(^^mO:c) values: (fimo,c) — (0.26, 5) (dotted line), (rimO,c) = (0.26, 7)(solid line) and (17^0: c) = 
(0.26, 9) (dashed line). The arrows show the redshift-varying direction z = — )■ oo with squares 
standing for the present values. The standard ACDM model is denoted by the cross. 
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Figure 7. Snapshot of s simulated H{z) dataset witli Icr error bar in the redshift range of 0.1 < z < 
2.0. The red curve stands for the theoretical evolution of H{z) in the fiducial model. 




Figure 8. The evolution with respect to ilmo for ACDM model by the use of SHD. The circles 
stand for the la confident interval and the insert gives zoom-in views around the 68.3% confidence 
level. 
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Table 3. constraints results by SHD 
observations. For other three scenarios, the more data points do not provide a much more 



tighter constraint of the la, 2a and 3a interval. However, the confident regions of these 
three models are tighter and narrower. This phenomena is consistent with [41]. It implies: 
when defining the FoM (Figure of Merit) as the area enclosed by the contour of possibility 
distribution at some confident level, the FoM will increase with enlarging the data sample. 
Additionally, similar to the OHD constraint, the FEH scenario also gives the smallest Xmin- 
Except that, the problem of lacking best-fit value and upper limit of c still exists in the 
two time-scale models. This situation implies that we need some other constraint conditions 
from the physical view. Compared with the constraints using "Union 2 Compilation" of type 
la SNe[19], we see that all the 3 two-parameter models give consistent trends of confident 
regions. And the best-fit values and confident interval of the undetermined parameters are 
also almost identical with the SNe la ones. 





0.3 0.4 0.5 



Figure 9. Left: The evolution with respect to c for HH scenario constraining by SHD. The circles 
stand for the la confident interval and the insert gives zooni-in views around the 68.3% confidence 
level. Right: The 68.3%, 95.4% and 99.7% confident regions of FEH scenario from inner to outer by 
the use of SHD. The best-fit values is marked by the star. 



7 Discussion and conclusion 

We have explored the possibility of Hubble parameter as the cosmological constraint on the 
A(4)CDM as the holographic and agegraphic dark energy models. As pointed out in [36, 37], 
the OHD play almost the same role as that of SNe la for the joint constraints on the ACDM 
model. As a promotion of standard ACDM, the A(t)CDM may provide a wider range of 
adaptation of cosmological observations. Recently, through the introduction of a length scale 
or time scale to give a A(t) form has been investigated which is equivalent to the holographic 
and agegraphic dark energy models. In order to track the deviation of these scenarios from 
the standard ACDM model, we use OHD to constrain such A(t)CDM models and measure 
the deviations. We calculate the models introduced by the Hubble horizon (HH), the future 
event horizon (FEH), the age of universe (AU) and the conformal time (CT) since these 
scales can provide the present cosmic acceleration. 

In order to avoid the dilemma that the amount of OHD is so scarce, we simulate a data 
sample of H{z) (SHD) in the redshift range of 0.1 < z < 2.0 by the use of ACDM as the 
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Figure 10. The 68.3%, 95.4% and 99.7% confident regions from inner to outer in the {ilmo — c) plane 
by SHD constraints, while the star means the best-fit values. Left: AU scenario; Right: CT scenario. 

fiducial model. From the constraint results, we find that the enlarging of the data sample 
increases the parameter constraints apparently for all four A(t)CDM models. Although the 
la, 2a and 3a confident intervals of the three two-parameters models do not become narrower 
evidently, the areas of the confident regions in the parameter space shrink. This is expectable 
due to the bigger data sample. 

However, in the constraints of two time scale scenarios, there are lacks of the best- 
fit value and upper limits of parameter c. This is similar to the SNe la constraints [19]. 
According to eq.(4.14) and (4.18), this phenomena reveals since is insensitive to large 
value of c. Except that, when c — )• oo, the equation of state of these two models will return 
to the standard ACDM model which Q\ is a constant and favors a non-interaction term. 
However, the lack of constraint of c will derive p\ to be a non-physical value. So we need 
some other constraint conditions from the physical view in the future. 

In order to measure the deviation of these A(t)CDM models from the standard ACDM 
model. We apply the Om{z) and statefinder diagnostics and the information criteria. These 
three methods can distinguish the dark energy models from the standard ACDM model on 
various aspects and focuses. The calculation with the use of OHD shows quite consistent 
results of these methods. Choosing HH as the IR cut-off will derive a quite different holo- 
graphic dark energy model from the standard ACDM model and its relative derivation is 
apparent. As a another choice of length scale, the FEH scenario shows better consistence 
with ACDM but still occupies prominent deviation. On the other hand, the two time models 
AU and CT scenarios both possess very evident consistence from ACDM and can provide 
effective approximations. 

From the above analyze and constraints, we find that our results from observational H{z) 
data and simulated data are believable. The OHD can not only provide sufficient constraints 
on the A(t)CDM models as holographic and agegraphic dark energy as the SNe la supply, 
but also can measure the deviation of the cosmological models from standard ACDM model. 
Therefore, with more future high-z, high-accuracy H{z) determinations, OHD will give more 
and more important contributions in future cosmological researches. 



- 15 - 



Acknowledgments 



This research is supported by the National Natural Science Foundation of China (Grant Nos. 
10773002, 10875012), Scientific Research Foundation of Beijing Normal University under 
Grant No. 105116, the National Science Foundation of China (Grants No. 10473002, No. 
11033005), the Fundamental Research Funds for the Central Universities, the Bairen program 
from the Chinese Academy of Sciences and the National Basic Research Program of China 
grant No. 2010CB833000. 

References 

[1] A. G. Ricss, A. V. Filippenko, P. Challis et al.. Observational Evidence from Supernovae for an 
Accelerating Universe and a Cosmological Constant, Astrophys J. 116 (1998) 1009 
[arXiv:astro-ph/9805201vl] 

[2] M. Hickcn, W. M. Wood-Vascy, S. Blondin et al.. Improved Dark Energy Constraints from 100 
New CfA Supernova Type la Light Curves, Astrophys ,J. 700 (2009) 1097 [arXiv:0901.4804v3] 

[3] D. N. Spcrgcl, R. Bean, O. Dorc et al., Wilkinson Microwave Anisotropy Probe (WMAP) Three 
Year Results: Implications for Cosmology, Astrophys. J. S. 170 (2007) 377 
[arXiv:astro-ph/0603449v2] 

[4] E. Komatsu, K. M. Smith, J. Dunkley et al., Seven-Year Wilkinson Microwave Anisotropy 
Probe (WMAP) Observations: Cosmological Interpretation, Astrophys. J. S. 192 (2011) 18 
[arXiv:1001.4538v3] 

[5] D. J. Eisenstein, 1. Zehavi, D. W. Hogg ct al.. Detection of the Baryon Acoustic Peak in the 
Large-Scale Correlation Function of SDSS Luminous Red Galaxies, Astrophys. J. 633 (2005) 
560 [arXiv:astro-ph/0501171vl] 

[6] W. J. Percival, B. A. Reid, D. J. Eisenstein et al., Baryon Acoustic Oscillations in the Sloan 
Digital Sky Survey Data Release 7 Galaxy Sample, Mon. Not. Roy. Astron. Soc. 401 (2010) 
2148 [arXiv:0907.1660v3] 

[7] S. Tsujikawa, Dark energy: investigation and modeling [arXiv: 1004.1493] 

[8] S. Weinberg, The Cosmological Constant Problems (Talk given at Dark Matter 2000, February, 
2000), [arXiv: astro-ph/0005265] 

[9] A. Vilcnkin, Cosmological constant problems and their solutions, [arXiv: hcp-th/0106083] 

[10] J. Garriga, M. Livio and A. Vilenkin, The cosmological constant and the time of its dominance, 
Phys. Rev. D 61 (2000) 023503 [arXiv:astro-ph/9906210vl] 

[11] G. Caldera-Cabral, R. Maartens and L. A. Urena-Lopez, Dynamics of interacting dark energy, 
Phys. Rev. D 79 (2009) 063518 [arXiv:0812.1827v2] 

[12] P. J. E. Peebles and B. Ratra, Cosmology with a time-variable cosmological 'constant', 
Astrophys. J 325 (1988) 17 

[13] M. Ozer. and M. O. Taha, A model of the universe free of cosmological problems, Nucl. Phys. 
B287 (1987) 776 

[14] V. Sahni and A. Starobinsky, The Case for a Positive Cosmological Lambda-term, Int. J. Mod. 
Phys. D 9 (2000) 373 [arXiv:astro-ph/9904398v2] 

[15] P. Wang and X. Meng, Can vacuum decay in our Universe? Class. Quant. Grav. 22 (2005) 283 
[arXiv:astro-ph/0408495v3] 

[16] S. Basilakos, M. Plionis and J. Sola, Hubble expansion & Structure Formation in Time Varying 
Vacuum Models, Phys. Rev. D 80 (2009) 083511 [arXiv:0907.4555v2] 



- 16 - 



[17] R. Bousso, TASI Lectures on the Cosmological Constant, Gen. Rel. Grav. 40 (2008) 607 
[arXiv:0708.4231v2] 

[18] A. G. Cohen, D. B. Kaplan and A. E. Nelson, Effective Field Theory, Black Holes, and the 
Cosmological Constant, Phys. Rev. Lett. 82 (1999) 4971 [arXiv:liep-th/9803132v2] 

[19] Y. Chen, Z. Zhu, L. Xu and J. S. Aleaniz, K{t)CDM Model as a Unified Origin of Holographic 
and Agegraphic Dark Energy Models, Phys. Lett. B 698 (2011) 175 [arXiv:1103.2512vl ] 

[20] L.Xu, W. Li and J. Lu, Time Variable Cosmological Constants from Cosmological Horizons, 
[arXiv:0905.4772] 

[21] M. Li, A Model of Holographic Dark Energy, Phys. Lett. B 603 (2004) 1 
[arXiv:hep-th/0403127v4] 

[22] L. Xu, J. Lu and W. Li, Time Variable Cosmological Constants from the Age of Universe, 
Phys. Lett. B 690 (2010) 333 [arXiv:0905.4773vl] 

[23] J. Zhang, X. Zhang and H. Liu, Agegraphic dark energy as a quintessence, Eur. Phys. J. C54 
(2008) 303 [arXiv:0801.2809vl] 

[24] J. Zhang, L. Zhang and X. Zhang, Sandage-Loeb test for the new agegraphic and Ricci dark 
energy models, Phys. Lett. B 691 (2010) 11 [arXiv:1006.1738vl] 

[25] Z. Yi and T. Zhang, Constraints on holographic dark energy models using the differential ages 
of passively evolving galaxies. Mod. Phys. Lett. A 22 (2007) 41 [arXiv:astro-ph/0605596v2] 

[26] L. Samushia and B. Ratra, Cosmological Constraints from Hubble Parameter versus Redshift 
Data, Astrophys. J. 650 (2006) L5 [arXiv:astro-ph/0607301v2] 

[27] H. Wei and S. Zhang, Interacting Energy Components and Observational H{z) Data, Phys. 
Lett. B 654 (2007) 139 [arXiv:0704.3330v4] 

[28] P. Wu and H. Yu, Constraints on the unified dark energy-dark matter model from latest 
observational data, J.C.A.P. 0703 (2007) 015 [arXiv:astro-ph/0701446v3] 

[29] R. Lazkoz and E. Majerotto, Cosmological constraints combining H(z), CMB shift and SNIa 
observational data, J.C.A.P. 0707 (2007) 015 [arXiv:0704.2606v2] 

[30] A. Kurek and M. Szydlowski, The LambdaCDM model on the lead - a Bayesian cosmological 
models comparison, Astrophys. J. 675 (2008) 1 [arXiv:astro-ph/0702484v3] 

[31] S. Cao, N. Liang and Z. Zhu, Testing the phenomenological interacting dark energy with 
observational H[z) data, [arXiv: 1012.4879] 

[32] S. Cao, N. Liang and Z. Zhu, Constraining interacting dark energy with observational H[z) 
data, [arXiv: 1105.6274] 

[33] Z. Zhai, H. Wan and T. Zhang, Cosmological constraints from Radial Baryon Acoustic 
Oscillation measurements and Observational Hubble data, Phys. Lett.B 689 (2010), 8 
[arXiv:1004.2599v3] 

[34] T. Zhang. C.Ma and T. Lan, Constraints on the Dark Side of the Universe and Observational 
Hubble Parameter Data, Advances in Astronomy, 184284 (2010) [arXiv:1010.1307v2 ] 

[35] X. Zhang, Holographic Ricci dark energy: Current observational constraints, quintom feature, 
and the reconstruction of scalar-field dark energy, Phys. Rev. D 79 (2009) 103509 
[arXiv:0901.2262v3] 

[36] H.Lin, C. Hao, X. Wang et al., Cosmological Constraints from Hubble parameter H{z) and SN 
la observations. Mod. Phy.Lett.A. 24 (2009) 1699 [arXiv:0804.3135v2 ] 

[37] F. C. Carvalho, E. M. Santos, J. S. Aleaniz and J. Santos, Cosmological Constraints from 
Hubble Parameter on f(R) Cosmologies, J.C.A.P. 0809 (2008) 008 [arXiv:0804.2878v2] 



-17- 



R. Jimenez, L. Verde, T. Treu and D. Stern, Constraints on the equation of state of dark 
energy and the Hubble constant from stellar ages and the CMB, Astrophys. J. 593 (2003) 622 
[arXiv:astro-ph/0302560vl] 

J. Simon, L. Verde and R. Jimenez, Constraints on the redshift dependence of the dark energy 
potential, Phys. Rev. D, 71 (2005) 123001 [arXiv:astro-ph/0412269vl] 

D. Stern, R. Jimenez, L. Verde, M. Kamionkowski and S. A. Stanford, Cosmic Chronometers: 
Constraining the Equation of State of Dark Energy. I: H(z) Measurements, J.C.A.P., 02 (2010) 
008 [arXiv:0907.3149vl] 

C. Ma, T. Zhang, Power of Observational Hubble Parameter Data: a Figure of Merit 
Exploration, Astrophys. J. 730 (2011) 74 [arXiv:1007.3787v2 ] 

R. Jimenez, A. Loeb, Constraining Cosmological Parameters Based on Relative Calaxy Ages, 
Astrophys. J. 573 (2002) 37 [arXiv:astro-ph/0106145vl] 

A. G. Riess, L. Macri, S. Casertano et al., A 3% Solution: Determination of the Hubble 
Constant with the Hubble Space Telescope and Wide Field Camera 3, Astrophys. J., 730 (2011) 
119 [arXiv:1103.2976vl [] 

Y. S. Myung and M.-G. Seo, Origin of holographic dark energy models, Phys. Lett. B, 671 
(2009) 435 [arXiv:0803.2913v2] 

M. Li, X. Li and X. Zhang, Comparison of dark energy models: A perspective from the latest 
observational data, Sci. China Phys. Mech. Astron.53 (2010) 1631 [arXiv:0912.3988v3] 

A. R. Liddle, How many cosmological parameters? Mon. Not. Roy. Astron. Soc. 351 (2004) 
L49 [arXiv:astro-ph/0401198v3] 

M. Szydlowski, A. Kurek and A. Krawiec, Top ten accelerating cosmological models, Phys. Lett. 
B 642 (2006) 171 [arXiv:astro-ph/0604327v2] 

W. Godlowski and M. Szydlowski, Which cosmological model with dark energy - phantom or 
LambdaCDM, Phys. Lett. B 623 (2005) 10 [arXiv:astro-ph/0507322vl] 

M. Biesiada, nformation-theoretic model selection applied to supernovae data, J. C. A. P 0702 
(2007) 003 [arXiv:astro-ph/0701721vl] 

G. Schwarz, Estimating the dimension of a model, Ann. Stat. 6 (1978) 461 

H. Akaike, A new look at the statistical model identification, IEEE Trans. Automatic Control 
19 (1974) 716 

A. R. Liddle, Information criteria for astrophysical model selection, Mon. Not. Roy. Astron. 
Soc. Lett. 377 (2007) L74 [arXiv:astro-ph/0701113v2] 

V. Sahni, A. Shafieloo and A. A. Starobinsky, Two new diagnostics of dark energy, Phys. Rev. 
D 78 (2008) 103502 [arXiv:0807.3548v3] 

V. Sahni, T. D.Saini, A. A. Starobinsky and U. Alam, Statefinder - a new geometrical 
diagnostic of dark energy, JETP Lett. 77 (2003) 201 [arXiv:astro-ph/0201498v2] 

J. Zhang, X. Zhang and H. Liu, Statefinder diagnosis for the interacting model of holographic 
dark energy, Phys. Lett. B 659 (2008) 26 [arXiv:0705.4145v2] 

M. Malekjani and A. Khodam-Mohammadi, Agegraphic Dark Energy Model in Non-Flat 
Universe: Statefinder Diagnostic and w — w' Analysis, Int. J. Mod. Phys. D 19(2010) 1857 
[arXiv:1004.0508v2 ] 

U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, Exploring the Expanding Universe and 
Dark Energy using the Statefinder Diagnostic, Mon. Not. Roy. Astron. Soc. 344 (2003) 1057 
[arXiv:astro-ph/0303009v4] 

W. Zimdahl and D. Pavon, Statefinder parameters for interacting dark energy. Gen. Rcl. Grav. 



- 18 - 



36 (2004) 1483 [arXiv:gr-qc/0311067vl] 

[59] X. Zhang, Statefinder diagnostic for coupled quintessence, Phys. Lett. B, 611 (2005) 1 
[arXiv:astro-ph/0503075vl] 

[60] X. Zhang, Statefinder diagnostic for holographic dark energy model, Int. J. Mod. Phys. D, 14 
(2005) 1597 [arXiv:astro-ph/0504586v3] 

[61] B. R. Chang, H. Y. Liu, L. X. Xu et.al, Statefinder Parameters for Interacting Phantom 
Energy with Dark Matter, J.C.A.P, 0701 (2007) 016 [arXiv:astro-ph/0612616v3] 

[62] Y. Shao and Y. Gui, Statefinder Parameters for Tachyon Dark Energy Model, Mod. Phys. Lett. 
A, 23 (2008) 65 [arXiv:gr-qc/0703111vl] 



- 19 - 



